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Abstract. We prove that any power of the logarithm of Fourier series with ran- 
dom signs is integrable. This result has applications to the distribution of values 
of random Taylor series, one of which answers a long-standing question by J. -P. 
Kahane. 



1. Introduction 
In this work, we consider Rademacher Fourier series 

where are independent Rademacher random variables, which take the values ±1 
with probability ^ each, and random Taylor series 

F{z) = Y, Ckz k 

with independent symmetric complex- valued random variables Ck- Recall that the 
complex-valued random variable £ is called symmetric if — £ has the same distribution 
as C- I n the Fourier case, the sequence of deterministic complex coefficients {afe} 
belongs to ^ 2 (Z); in the Taylor case, we assume that the radius of convergence is 
almost surely (a.s., for short) positive. 

1.1. Some motivation. There are several long-standing questions pertaining to the 
distribution of values of random Taylor series. For these questions, the Rademacher 
case already presents main difficulties. Moreover, in many instances, due to Kahane's 
"reduction principle" [U Section 1.7], the case of more general random symmetric 
coefficients can be reduced to the Rademacher case. Here, we explain the central 
role played by the logarithmic integrability of the Rademacher Fourier series in our 
approach to some of these questions. 

Put T = R/Z, and denote by m the normalized Lebesgue measure on T. Consider 
a random Taylor series 

F(z) =Y,ika k z k 

with independent identically distributed complex-valued random coefficients nor- 
malized by £|£| 2 = 1. Let R, < R ^ oo denote the radius of convergence of this 
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|2 r 2fc 



Taylor series. Note that 

£{\F(z)\ 2 } = ^2\a k \ 

for all z with \z\ = r. We denote the RHS by a F (r). We will always assume that 
cr F (r) — > oo as r — > R. 

Suppose we are interested in the asymptotics as r — > R of the random counting 
function n F {r), which counts the number of zeroes of F in the disk {\z\ ^ r}. To 
simplify the notation, assume that oq = 1. Denote by 



r 



N F (r)= I ^dt 



o 



t 

the integrated counting function. Then, by Jensen's formula, 



N F (r) = [ log \F(rt) \ dm(t) -log \F(0) \ = log a F (r) + / log |F r (t)| dm(t) - log |f | 



where F r (i) = F(rt)/a F (r). Note that 



is a random Fourier series normalized by the condition ^2 k>0 |afc(r)| 2 = 1. 

First, assume that the £fc's are standard complex Gaussian random variables. Then, 
for every i £ T, the random variable F r (t) is again standard complex- valued and 
Gaussian, and S log|i^ r (f)| is a positive numerical constant. Therefore, 

sup £ | N F (r) — log <j F (r)\ ^ C . 

r<R 

Since both Np(r) and loga F (r) are convex functions, we can derive from here that 
their derivatives are also close on average, i.e., that 

dlog a F (r) 



n F {r) 



d log r 

is relatively small outside a small exceptional set E of values of r where the derivative 

dlogcrj?(r) 
dlogr 

changes too fast due to the irregular behaviour of a k s. Invoking an appropriate 
version of the Borel-Cantelli lemma, we can also establish an almost sure analogue of 
this result. 

If we are interested in the angular distribution of zeroes, the same idea works, we 
only need to replace Jensen's formula by its modification for angular sectors. 

The same approach works for the Steinhaus coefficients = e 27rl7fe , where j k are 
independent and uniformly distributed on [0,1]. In this case, one needs to estimate 
the expectation of the modulus of the logarithm of the absolute value of a normalized 
linear combination of independent Steinhaus variables. This was done by Offord in p3] ; 
twenty years later, Ullrich [T71 [18] and Favorov [2 [3] independently rediscovered this 
idea and gave new applications. 

A linear combination of Rademacher random variables x = ^2£,k a k can vanish with 
positive probability. Then one cannot hope to estimate from below the logarithmic ex- 
pectation <?{log In [8], Littlewood and Offord invented ingenious and formidable 
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techniques to circumvent this obstacle. Later, these techniques were further developed 
by Offord in [131 05] , but unfortunately, they were not sufficiently powerful to arrive 
to the same conclusions as for the Gaussian and the Steinhaus coefficients. Still, there 
is a reserve: note that in order to estimate the error term in the Jensen formula we 
do not need to estimate 8 log | uniformly in t £ T. For our purposes, the in- 

tegral estimate of £| J |log |i*r(£)| | dm(i) j is not worse than the uniform bound for 
£|log |.F r (i)||. To exploit this reserve, we employ some harmonic analysis techniques. 

1.2. Logarithmic integrability of Rademacher Fourier series. Let (jl,V) be 
the probability space on which the Rademacher random variables are defined. De- 
note by Q = 0, x T the product measure space with the product measure fi = V x m. 

By L\ 7 C L 2 (Q) we denote the closed subspace whose elements are the Rademacher 
Fourier series (i.e., the closed linear span of £fce 27nfce ), and ||/||2 always stands for the 
L 2 (Q)-nomn. 

Our first result is a distributional inequality, which says that if a Rademacher Fourier 
series is small on a set E C Q of positive measure, then it must be small everywhere 
on Q. 

Theorem 1.1. For each f € L^ F and each set E C Q of positive measure, 

[ \ffd^e Cl °^^ [ |/p dM . 
JQ JE 

The power 6 on the RHS is not the best possible, but we will show that it cannot be 
replaced by any number less than 2. Note that this does not contradict the possibility 
that the distributional inequality can be improved if one is ready to discard an event 
of small probability. 

The proof of Theorem 11.11 is based on ideas from harmonic analysis developed by 
the first-named author in |11| [TZ] to treat lacunary Fourier series. It uses a Turan- 
type lemma from [1 H Chapter 1], and the technique of small shifts introduced in |11| 
Chapter 3]. 

Theorem [1J] immediately yields the following L p (/i)-bound for the logarithm of the 
Rademacher Fourier series. 

Corollary 1.2. For each f € L^ F with \\fW2 = 1, and for each p ^ 1, 

/ \log\f\\ p dfi^(CpfP. 
J Q 

Note that even the case p = 1 of this corollary is already non-trivial and new. 

1.3. The range of random Taylor series in the unit disk. One of the conse- 
quences of the logarithmic integrability is the answer to an old question from Kahane's 
book [H p.xii]: 

Suppose that 

F(z) = Y,ika k z k 

is a Rademacher Taylor series with the radius of convergence 1 and with 

ki 2 = +00 . 
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Does the range F(D) fill the complex plane almost surely? 
We will prove this, and even more. 

Theorem 1.3. Suppose 

F(z) = Y,CkZ k , 

where {Cfc} fc>0 * s a sequence of independent complex-valued symmetric random vari- 
ables satisfying the conditions 

lim sup | Ck 1 = 1 an d ^2 |Cfc| 2 = +°° a - s - • 

fc>o 



k— >-oo 



Then, a.s., 



(l-H)=o° V6GC. 

w : F(w)=b 



Note that if the series ^^> |Cfc| 2 converges, then the function F belongs to the 
Hardy space H 2 , and therefore its 6-points obey the Blaschke condition 

^ (l-|u>|)<oo. 

w : F(w)=b 

Theorem 11.31 has some history. In 1972, Offord [15] proved this result in the case 
when C,k are uniformly distributed on the unit circle. The proof he gave also works 
for the Taylor series with Gaussian coefficients; see also Kahane [H Section 12.3]. Ac- 
cording to the "reduction principle" [H Section 1.7], the special case Ck = ^fcOfc, where 
£fc are independent Rademacher random variables and is a non-random sequence of 
complex numbers such that limsup fc jafcl 1 ^ = 1 an d Y2k \ a k\ 2 = 00 > should yield the 
general case. In the Rademacher case, the result was known under some additional re- 
strictions on the growth of the deterministic coefficients a^. In 1981, Murai [10] proved 
it assuming that liminf |ctfc| > 0. Soon afterwards, Jacob and Offord [5] weakened this 
assumption to 

1 N 

liminf > |aJ 2 >0. 

JV^oo logiV ^ ' ' 
6 k=0 

To the best of our knowledge, since then there was no improvement. 

Curiously enough, even in the case when ^ = £k a k with the standard complex 
Gaussian ^'s, the question when F(D) = C almost surely is not completely settled. 
Recall that in [9] Murai proved Paley's conjecture, which states that if F is a (non- 
random) Taylor series with Hadamard gaps and with the radius of convergence 1, 
then F assumes every complex value infinitely often, provided that ^fc>o l a *;l = +°°- 
Therefore, the same holds for random Taylor series with Hadamard gaps. Even the 
case of sequences with a regular behaviour remains open: 

Question 1.4. Suppose that the non-random sequence {a^} is decaying regularly and 
satisfies 

(i- 1 ) 5Zl afc | 2< °°' ^\~% =0 °' 

and suppose that are independent standard Gaussian complex-valued random vari- 
ables. Does the range of the random Taylor series F(z) = J2k>o£k a k zk fill the whole 
complex plane C a.s. ? 
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Note that convergence of the first series in (jl.ip yields that, a.s., the function F 
belongs to all Hardy spaces H p with p < oo. Moreover, by the Paley-Zygmund theo- 
rem [U Chapter 5], a.s., we have e A l F l 2 G L X (T) for every positive A, where F denotes 
the non-tangential boundary values of F on T. On the other hand, by Fernique's 
theorem [U Chapter 15], divergence of the second series in (jl.ip yields that, a.s., F is 
unbounded in D. 



It is worth mentioning that our techniques can be applied to some other questions 
about the distribution of zeroes of random Taylor series including the one about the 
angular distribution of zeroes of random entire functions in large disks. We plan to 
return to that question in a separate paper. 

2. Proof of the distributional inequality for Rademacher Fourier 

SERIES 

2.1. List of notation. 

T = R/Z; we also identify T with the interval [0, 1) C R; 

m either the Lebesgue measure on T normalized by m(T) = 1, or the Lebesgue 
measure on R; 

e (0) = e 2nW , 9eT; 
R+ = (0,oo); 

(£l,V) a probability space; 

$7—7- {±1}, k G Z, independent Rademacher random variables; 
= (1!xT,?xiii) product measure space, L 2 (Q) = L 2 (Q,/i); 
<p k (w,0) = £ k {uj)e{k6), fceZ, (u,9) G Q; 

L^. C L 2 (Q) the subspace of Rademacher Fourier series f = ^2 a k i Pk, |«fc| 2 < oo. 
The system {(ft} is an orthonormal basis in the space L 2 ^, and for / G L^ F , we have 
1= / |/| 2 d/,= / |/(uv)| 2 dP(u;) 

, '|/(^)| 2 dm(0) = ^|a fc | 2 = ||{a fe }||2 2(z) . 



/ 



For a set E C Q, we denote its sections by E^ = f {# G T: (cj,9) G i?}, we!!. 

The set £ C Q shifted by t G T is denoted by E + f d = {(w, 9) : (oj, 9 - t) G E). 
Then 

E w + 1 = {9: 6 - t G Eu} = {E + t) u . 
We put A t (E) = fi {{E + t) \ E). 

The function g G L 2 (Q) shifted by t is denoted by <?f : gt{w, 9) = g(u, 9 + t). 
Note that for the indicator function of E, we have (t E ) t = Is-t- 
A measurable function b on Q that does not depend on 9 will be called a random 
constant. 

We write [sc] for the integral part of x. 
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2.2. The result. Here is the main result of this part of the paper. It shows that an 
arbitrary function / in L\ 7 cannot be too close to a random constant b, provided that 
the uniform norm of b is small compared with the L 2 -norm of /. The version we gave 
in the introduction corresponds to the case when b is the zero function. The extension 
below is needed for the proof of Theorem 11.31 on the range of random Taylor series in 
the unit disk. 

Theorem 2.1. For each f G L^ F , for each random constant b G L°°(£l) with ||6||oo < 
2j||/||2; and for each set E C Q of positive measure, 

As an immediate corollary, we get 

Corollary 2.2. For each f G L^ F with ||/|| 2 = 1, for each b G with \\b\loo < ^, 

and for each p ^ 1, we have 

[ |log|/-&|| p d/^(Cp) 6p . 
J Q 

We note that the condition on the function b is a technical one. Its purpose is to 
avoid degenerate cases, for example, the case when the functions / and b are both 
equal to £o- 

2.3. The basic tools. Here is the list of the tools we will be using in the proof of 
Theorem l2Tl 

2.3.1. Turan-type lemma Chapter I]. Suppose 

n 

p{z) = Y^a k e iXkt , a k G C, A < ... < A n G R, 

fc=0 

is an exponential polynomial. Then for any interval JcK and any measurable subset 
E C J of positive measure, 

( Cm(J) Y | | 

max p ^ — — sup \p\ . 

j lFl V m(E) J e 

We will also use the L 2 -bound that follows from this estimate, see Chapter III, 
Lemma 3.3]. It states that under the same assumptions, 



2.3.2. Khinchin's inequality. Let be independent Rademacher random 

ables, and let {a^} be complex numbers. Then for each p ^ 2, we have 

p\ 1 /p /r— s ,o\ 1 / 2 



van- 
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2.3.3. Bilinear Khinchin's inequality. Let {Ck} be independent Rademacher ran- 
dom variables, and let {ak,e} be complex numbers. Then for each p ^ 2, we have 

( Iv^ p\ 1 /p /v^ i l2 \ x / 2 

k+l k^l 

A simple and elegant proof of this inequality can be found in a recent preprint by 
L. Erdds, A. Knowles, H.-T. Yau, J. Yin [U Appendix B]. 

2.4. The class Exp loc of functions with almost linearly dependent small 
shifts. The proof of Theorem 12.11 uses the technique of small shifts developed in 
Chapter III]. In this and the next two sections we will outline this technique. 

Let H be a Hilbert space. By L 2 (T,%) we denote the Hilbert space of square 
integrable ^-valued functions on T (in the sense of Bochner). Note that the space 
L 2 (T, L 2 (S7)) can be identified with L 2 (Q). To define the class of functions in L 2 (T, 7-1) 
with almost linearly dependent shifts, we introduce the following set of parameters: 

• the order n G N (a large parameter); 

• the localization parameter r > (a small parameter); 

• the error x > (a small parameter). 

Definition 2.2 (Expi oc ). We say that a function g G L 2 (T,7i) belongs to the class 
Exp loc (n, r, x, 7i) if for each t G (0, r) there exist complex numbers ak = a,k(t),k G 
{0, . . . , n}, with X]fc=o \ a k\ 2 = 1> such that 



fc=0 



< X. 



In the case H = C, this class was introduced in Chapter III]. "In small" (i.e., on 
intervals of length comparable with r), the functions from this class behave similarly 
to exponential sums with n frequencies and with coefficients in %. On the other hand, 
since the translations act continuously in L 2 (T,H), for any given g G L 2 (T,%), n G N, 
x > 0, one can choose the parameter r > so small that g G Exp loc (n, r, x, H). 

In the next three sections, we extend main results about this class (the spectral 
description, the local approximability by exponential sums with n terms, and the 
spreading lemma) from the scalar case to the case considered here. Since the proofs 
of these extensions are similar to the ones given in [11], we relegate them to the 
appendices. 

2.5. Spectral description of the class Expi oc . The first lemma shows that each 
function g G Exp loc (n, r, x, %) has an "approximate spectrum" A g , which consists of 
n frequencies so that the Fourier transform of g is small in the £ 2 -norm away from 
these frequencies. 

For m G Z, A C E, let 

9 T (m) = min(l, r|m|), @ T ,A(m) = T (m — A) . 

aga 

Lemma 2.1. Given g G Exp loc (n, t, x, %), there exists a set A = A g C K ofn distinct 
frequencies such that 

■mgZ 
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The proof of this lemma will be given in Appendix A. 



2.6. Local approximation by exponential sums with n terms. Starting with 
this section, we assume that 7~L = L 2 {£1). Then Exp loc (n, r, x, L 2 (0)) C L 2 (Q). 

For a finite set A C R, denote by Exp(A, Jl) the linear space of exponential poly- 
nomials with frequencies in A and with coefficients depending on uj. The next lemma 
shows that, for a.e. well, the function 9 i— > g(u>, 9), g E Exp loc (n, r, x, L 2 (f2)), can be 
well approximated by exponential polynomials from Exp(A, f2), on intervals J C [0, 1) 
of length comparable with r. 

Suppose that M > 1 satisfies 

EN, 



tM 

and partition T into I intervals of length Mr: 

-i 

, \[k k + 1 

T 



U[f 



fc=0 

Lemma 2.2. Zei M &e as above and let g E Exp loc (n, r, x, L 2 (J7)). There exists a 
non-negative function $ E L 2 (Q) with 

ll^lb < (Cn) 2 "x, 

and TOi/i the following property: for every interval J C T in the partition, there exists 

.</• 

\g(u,9) -p J (u>,9)\ <M n $(w, 
The proof of this lemma will be given in Appendix B. 



an exponential polynomial p J E Exp(A g , Q) such that, for a.e. wed and a.e. 9 E J, 



2.7. Spreading Lemma. The next lemma is the crux of the proof of Theorem 12.11 
Given a set E C Q of positive measure, we put At (22) = fi((E + 1) \ E) . 

Lemma 2.3. Suppose g E Exp loc (n, r, x, L 2 (Q)) and E C Q is a set of positive 
measure. There exists a set E D E of measure fi(E) ^ n(E) + ^A nT (E) such that, for 
each b E L 2 (Q), 

This lemma follows from the previous lemma combined with the Turan-type esti- 
mate (|2.ip . The proof of Lemma 12.31 will be given in Appendix C. 

2.8. Starting the proof of Theorem 12.11 Zygmund's premise and the oper- 
ator Ae- Suppose that 

f = ^2 a k i Pk, <pk(w,9) =£ k (u)e(kO), {a k }e£ 2 (Z), 
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and that b G L 2 (il). Let E C Q be a measurable set of positive measure. Then 



I \f -b\ 2 dp = f \^a k at(pk(pe -2Re (fb) + \bf 



dp 



> / l a fc| 2 |^| 2 / a-hae <PWl djj,- 2Re(/, l E b) 

= fi(E)\\f\\ 2 + {A E fJ)-2Re(f, l E b), 

where A E is a bounded self-adjoint operator on L^ F , whose matrix (A E (k, £)) k in 
the orthonormal basis is given by 



A E (k,£) 



(l E ,ip k ip e ), k^£; 
0, k = t. 



To estimate the Hilbert-Schmidt norm of A E , we observe that the functions {(pkfii}k^i 
form an orthonormal system in L 2 (Q), and that each function from this system is 
orthogonal to the function 1. Then 

\A E (k,£)\ 2 + \(1 E , 1)| 2 ^ \\1 E \\ 2 2 = n{E) , 

and therefore, 

\\Ae\\hs = (j2\A E (k,£)\ 2 y /2 < ^^{E)-^EY. 
This estimate is useful for sets E of large measure. 

2.9. The sets E of large measure. For each p € (0, 1), let D{p) € (l,+oo] be the 
smallest value such that the inequality 



/ l/pd/^DOu) / |/-6| 2 d^ 

JO JE 



is satisfied for every E C Q with n(E) ^ p,, for every / G L^ F , and for every random 
constant b £ with ||&||ao < ^||/|| 2 - 

Using the estimates from the previous section, we get 



/ \f-b\ 2 dp> (p(E) -\\A\\)\\f\\ 2 2 -2\\l E b\\ 2 H/ll: 

JE 



> (p(e) -VM^)-M^) 2 -^)ll/lli > \ 



2 

2 i 



provided that /^(-E 1 ) ^ That is, -D(/i) ^ 2 for ,u ^ ^. 

In order to get an upper bound for D(p) for smaller values of p, first of all, we need 
to get a better bound for the Hilbert-Schmidt norm of the operator A E . 

2.10. A better bound for the Hilbert-Schmidt norm of A E . Here, using the 
bilinear Khinchin inequalities 12.3.31 we show that for each p ^ 1 , 

\\A e \\hs < Cp-^E) 1 -^ . 
For sets E of small measure, this bound is better than the one we gave in [2? 
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Proof: First, using duality and then Holder's inequality, we get 

1 /2 

QTlA^M)! 2 ) =sup{\J2A E (k,£)g k>i \: £> M | 2 < l) 



k^l 



k^l 



= supj | J l E g dfj, : g e span{ip k ifi} , \\g\\ 2 < l} 

^ fi(E) 1 '^ ■ sup|||c/|| 2 p: g G span{ip k Lft} k _^ £ , \\g\\ 2 ^ l| . 

Now, using the bilinear Khinchin inequality, we will bound ||<?||2p by Cp||g||2. Since 
g G span{99 fc (^} fc _^, 

g{u,0) = ^ft,A(w)^(w)e((fc - 1)0) , 

k^l 



whence, 



Q 



\g\ 2p d^ = [ dm(9) [ dV(u)\J2g k4 Z k {u)St(uM{k-l)e) 



2p 



dm(9) (Cp) 2p (J2\9kM(k-i)9)\ 

k^e 

= (Cpfv\\g\\i? , 



2\P 



k^e 



completing the proof. 



□ 



2.11. The subspace V E ^. Let p ^ 1. We now show that there exists a positive 
numerical constant C with the following property. If E C Q is a set of positive 
measure and b G L 2 (Q), then there exists a subspace V E \, G L 2 ^ of dimension at most 

C'p 2 



n 



lx(E) l /P 



such that for each function g G L^ F © V E b an d each b\ = c ■ b with c G C, we have 

2 



lsr<i/x< 



KE) 



\g-h\ d/i. 



Proof: This result is a rather straightforward consequence of the estimates from 12.81 
and 12.101 We enumerate the eigenvalues of the operator A E so that their absolute 
values form a non- increasing sequence: |<7i| ^ | CT2 1 ^ ••• • Let hi, h%, ... be the 
corresponding eigenvectors. Let m G Z and denote by V E the linear span of hi, ... , 
h m . Then the norm of the restriction A E to L\ Y © V# equals |<7 m+ i|. Therefore, if the 
function g G L^ F © Vg, then 1(^5,5)1 < |cr m+ i| • \\g\\?,. 



Next, 



cr 



m+l 



1 m+l 1 oo 

m + l ^ 3 m + l ^ 3 



1 



m + l 



\A 



II 2 ^ 



Cp 2 



>_i 1 



niE) p < - /J.{E) , 
m + l 4 
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provided that 



m ^ 



C'p 



1 



fi(Ey/p 

and C is chosen large enough. 

Denote by U E,b the one-dimensional space spanned by the projection of the function 

1ei-& to L^ F , and put Vb,6 = Ve + Ue^- Then, assuming that g G L\ y QVe^ C Lr F Ve 
and applying the estimate from 12.81 we get 

f \g-b l fd f i>n(E)\\g\\l + (A E g,g)-2Re(g,lEh) 
Je 

12 1 ../ e ai. ,i2 M( £J )ii„ii2 



Since dim & is at most 



the proof is complete. □ 



Note that it suffices to take C = 4C 2 + 1, where C is the constant that appears in 
the bilinear Khinchin inequality 12.3.31 though this is not essential for our purposes. 

2.12. Placing / G L\ Y in the class Exp loc . Condition (C T ). Introduce the function 

n{p,fj) = f [C"p 2 ■ ] 

where C" > C is a sufficiently large numerical constant. Fix p ^ 1 and let E C Q be 
a given set of positive measure. Put n = n(p, ^n(E)^ and choose the small parameter 
r so that, for every t G (0,r], 



n .. 

M (f|(£?-fct)) >-/i(£0. (C T ) 



fc=0 



This is possible since the function 1 1— > Hy(E — t)f] Ej is continuous and equals (J,(E) 
at 0. 

Now we prove that given a set E C Q of positive measure, b G L 2 (Q), and p ^ 1, 
each function f G L^ F belongs to the class Exp loc (n, r, x, L 2 (J7)) wift 

n = n(p, \ii{E)) , ^ = ^JJ^y J \f~ b\ 2 d/i , 

anc? arbitrary r satisfying condition (C r ). 
Proof: To shorten the notation, we put 

fc=0 

Then for every G {0, . . . , n} , 

/ |/ fct -6| 2 d//< ( \f kt -b\ 2 d l i = [ \f-b\ 2 d^, 

JE' JE-kt JE 

since b depends only on u), and so, b^t = b. 

Given t G (0, t], we choose ao,...,a„ 6 C with Xlfc=o \ a k\ 2 — 1 so that the function 
g = X^fc=o a kfkt belongs to the linear space L\ v Q Ve',\)- This is possible since 

dimVE',6 < n(p,fi(E')) < n(p, \n{E)) = n. 
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Since the function g is orthogonal to the subspace Ve' &, we can control its norm 
applying the estimate from 12. Ill with b\ = b ■ a^: 

|g| 2 d^ ^ 2 I \g-bi\ 2 dfi 



Q 



4 f n 



k=0 

Tl 



2 

d/i 



That is, 



V^a-kfk 



2 



Jkt 

k=0 

and we are done. □ 



2.13. Spreading the L 2 -bound. Condition (Ce)- We apply the spreading Lemma liO 
to the function / and the set E. It provides us with a set E D E, such that 
H(E) > n(E) + ±A nT (£) and 

( Cn 3 \2n+i C(n + 1) f , „ , l2 , 

where n = n(p, ^u(E)^j ^ 2C"p 2 ■ u{E)~~i> . There is not much value in this spreading 
until we learn how to control the parameter A nr (E) in terms of our main parameters 
fi(E) and p. Clearly, the bigg er A nr (E^ is, the better is our spreading estimate. Recall 
that till this moment, our only assumption on the value of r has been condition (C T ) 
at the beginning of section 12.121 

Now we will need the following condition on our set E: 

maxA^) ^ T^viE). (C E ) 
t 2n 

If condition (Ce) holds then we can find r > such that A nT (E) = ^ n{E), while for 
all t £ (0,nr), A t (E) < ^ji(E). 

Such r will automatically satisfy condition (C T ) used in the derivation of the spread- 
ing estimate. Indeed, 



/i(n (E - ktj) = u(E \ (J (E \ (E - kt)) 

k=0 k=l 

n 

>u(E)-Y,v{E\(E-kt)) 

k=l 

Tl 

= ^E)-J2K(E + kt)\E) 



k=l 



u{e) - j2 A*^ > m - E 4? = \^ {E) - 

k=l k=l 
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It is easy to see that there are sets E C Q of arbitrary small positive measure that 
do not satisfy condition (Ce)- We assume now that condition (Ce) is satisfied, putting 
aside the question 11 What to do with the sets E for which (Ce) does not hold?" till 
the next section. 

Substituting the value A nT = ^ n(E) into the spreading estimate and taking into 
account that n ^ 2C"p 2 fi(E) p, we finally get 



This is the spreading estimate that we will use for the sets E satisfying condition (Ce)- 

2.14. The case of sets E that do not satisfy condition (Ce)- Now, let us assume 
that E C Q is a set of positive measure that does not satisfy condition (Ce), that 
is, for each t £ [0, 1], At(E) < 5- n(E). The simplest example is any set of the form 
E = fii x T, Oi C O. For these sets, A t (E) = for every t. We will show that 
this example is typical, i.e., the sets E that do not satisfy condition (Ce) must have 
sufficiently many "long sections" E u . More precisely, let 




while 



fi(E) > fi(E) + v(E) 




n 1 = {uje ft: m(E u ) > 1- i}. 
We show that P{^i} > \ 11(E). 



Proof. Let 



Jl 2 =fl\Oi = {wefl: m(E w ) < 1 - i}. 
Since condition (Cg) is not satisfied, we have 




A straightforward computation shows that 




Since m(E LlJ ) ^ 1 — - implies that m(E UJ ) ^ nm(E UJ )(l — m(E UJ )), we get 




Therefore 



7>{^i} > 




m(E ul )dV(io) 



H{E)- [ m(E UJ )XP(u)>\n(E) 



Jn 2 



□ 



14 FEDOR NAZAROV, ALON NISHRY, AND MIKHAIL SODIN 

Remark: Since n = n(p, ^^(E)) ^ 2 if C" ^ 2, we trivially have 

V^} < / m{E w )dV{uS) < -n{E) < 2/i(£). 

L J n - 1 y Ql n - 1 

2.15. Many "long sections". Assume that the set E does not satisfy condition 
(Ce)- We will show that 

// |2d "^/j'- 6|2d "' 

where, as above, b = b(co) is a random constant, ||6||oo < jgll/lh- 
Let n = n(E) and Q± be as above. We have 

/|/-6| 2 d^ / (f \f-b\ 2 dm) dV(u) 
je .m x KJEu J 

= [ [ \f -b\ 2 dmdV(uj) - [ [ \f - b\ 2 dmdV{uj) = (I) - (II) . 
Jni Jt Jui Jr\E u 

Notice that by the result of section f2.13\ we have 2/i ^ V{&i} ^ 
Bounding integral (I) from below is straightforward: we have 



/ |/-6fdm^(||/|| 2 -|Hloo) 

JT 



2 ^ll/lll, 



whence, 



(I) ^ H/llM^i; >^ - Mil/Ill- 



Now let us estimate the integral (II) from above. We have 

(11)^2/ / \f\ 2 dmdV{u) +2 I [ \b\ 2 dmdV(u) = (II a ) + (II 6 ) . 

Jfl! JT\Eu, Jfli JT\E„ 

Estimating the second integral is also straightforward: 

(n*X^IHl2o< ^/ill/Ill 

(recall that n ^ 2 and ||6||oo < joll/lh)- Furthermore, 

(II Q ) = 2 / / t^ E Jf\ 2 dmdV(u)^2(f f \t&)'{( I \f\ 2s )" 
Jri! Jt vn.! jt 7 x Jni Jt 7 

with - H — = 1. By Khinchin's inequality, 

(/ n /' /|2 ')' <Cs 

Hence, 



(ii a ) ^i-ny cs 



\ n 



2 



Letting ~ = ^pj,~ = ^qr[ and recalling that n ^ ^C"p 2 fi x l p and that p ^ 1, we 
continue the estimate as 

(IU < (^r4)^2Cp||/i < -f=/^ 11/111 < ^Mil/Ill, 
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provided that the constant C" in the definition of n was chosen sufficiently big. Finally, 

Jjf-b\ 2 ^(i)- (ii ) - (ii 6 ) > (1 - ^)n\\f\\l = \v ll/lli , 

completing the argument. □ 



2.16. End of the proof of Theorem [2TTt solving a difference inequality. Recall 
that by D(fj,) we denote the smallest value such that the inequality 



/ \ f\ 2 dfi ^ D(n) [ |/-6| 2 d/i 
Jo Je 



holds for every E C Q with fJ,(E) ^ fx, every / £ L^ F , and every random constant 
6GL°°(0) satisfying ||6||oo < ^||/|| 2 . 

By 12.91 D(/j,) ^ 2 for ii #J and by the estimates proven in 12.131 and 12.151 for 
< /j < T7T we have 



DW <n^(^) c * 2 ' r > M + -^),i} 



Increasing, if needed, the constant C in the exponent, and taking into account that 
^ 977^ > 1 and D ^ 1, we simplify this to 



, , fP\ C P 2 » P ( C ii i\ 



Put 



Making the constant c on the right-hand side small enough, we assume that <5(^j) < jq 
(it suffices to take c < j^). Then, for < \i < 

logDf» -log D(jm + S((i)) <Cp 2 (i~p log (£) < C^pV^logf-V 



To solve this difference inequality, we define the sequence (jlq = fi, fJ-k+i = + 

A; ^ 0, and stop when /i s _i < ^ Ms- Since we assumed that <5(y)j) < jn, the terminal 

value jjL s will be strictly less than 1. We get 

s-l 



log = logD(p 8 ) + ^2[log D{fi k ) - logD^fc+i)] 

fc=0 

S — 1 2 
s-l 

<i+c P 4 iog(^) x;*(MfcK 



fc=0 
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_„ 1+i -1-2 -1-2 

Since fik+i = Mfc + cp fi k p < C/ifc, we have fj, k p < Cfi k+1 p . Therefore, 

^2^k)^ k v < c S%fe)^fe+i p 



fc=0 fc=0 
s-1 



whence, 



log D(fi) < 1 + Cp 5 n p lor 1 



This holds for any p ^ 1. Letting p = 21og(^), we finally get log D(fi) < Clog 6 ^ 
This completes the proof of Theorem 12.11 □ 

3. Proof of Theorem 11.31 on the range of random Taylor series 

First, we prove the theorem in the special case when ( n = £„,a n , where £ n are 
independent Rademacher random variables, and {a n } is a non-random sequence of 
complex numbers satisfying the conditions lim sup n | a n | 1//n = 1 and ^ n |a n | 2 = oo. 
That part of the proof is based on the logarithmic integrability of the Rademacher 
Fourier series (Corollary 12.21 to Theorem I2.ip combined with Jensen's formula. Then 
using "the principle of reduction" as stated in the Kahane book [3] Section 1.7], we 
get the result in the general case. 

Let us introduce some notation. For 6 G C, < r < 1 we denote by np{r,b) the 
number of solutions to the equation F(z) = b in the disk rB, the solutions being 
counted with their multiplicities. In this section it will be convenient to set 

N F (r,b)= f ^^dt. 

A/2 t 

By Jensen's formula 

(3.1) N F (r,b)= [ log \F(re(9)) - b\ dm(9) - [ log \F(\e{6)) - b\ dm(0) . 
Jt Jt 

We will prove that a.s. we have 

lim N F (r, b) = oo , V6 G C , 

i — >i 



which is equivalent to Theorem 11.31 

3.1. Proof of Theorem 11.31 in the Rademacher case. We define the functions 
ap and F by 

n 2 ( n dcf , |2 2n n drf F(z) 

and note that H-F^re^))^^) = 1- 

Let M € N. For every r 6 the function (uj,b) i— >■ Np(r,b) on x C is 

measurable in oj for fixed b and continuous in b for fixed u. Therefore, we can find a 
measurable function b* = b*(co) such that \b*\ ^ M and 

inf N F (r,b) ^ N F (r,b*) - 1. 
|6|<Af 
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Then 



inf N F (r,b)^ [ \og\F(re(6))-b*\dm(9)- [ log \F{le(0)) - b*\ dm(0) - 1 

= (II) - (I 2 ) - 1 ■ 

Note that 

(I 2 ) ^ l - log (J \F{\e{6)) - b*\ 2 dm(6)\ ^ \ log (2o 2 F {\) + 2M 2 ) . 
For the integral (Ii), we have the following lower bound: 

(Ii) = logcj F (r) + f log\F(re(8)) - a F \r) ■ b*\dm(6) 
Jj 

^ log u F {r)- [ log\F(re(6)) -o F l {r) -b*\ dm(0) . 

If we assume that r is so close to 1 that cr F (r) ^ 20M, then, using our result on the 
logarithmic integrability of the Rademacher Fourier series (Corollary 12. 2|) . we get 

V^j \og\F(re(6))-a F l (r)-b*\ dm(0) > t} 

< I s(J\log\F(re(e)) - a F \r) -b*\\ dm(0)) ^ | , 

for all T > 0. 

Taking r = r m so that logaj?(r , rn ) = 2m 2 and T = m 2 , and applying the Borel- 
Cantelli lemma, we see that, for a.e. u G f2, there exists mo = mo(uj,M) such that, 
for each m ^ mo, 



whence, 



I log|F(r m e(0))-^Vm)-&*| dm(fl)< 
JT 



inf N F (r m , b)>m 2 -\ log (2ct|(±) + 2M 2 ) - 1, 
\b\^M 2 v z ' 



m 



Vm ^ mo ■ 



Therefore, for every M G N, there is a set C with V(Am) = 1 such that, for 
every oj G ^4jvf and every b G C with |6| ^ M, we have 

(3.2) lim N F (r,b) = 00. 



r-+l 



Let A = P| M Ajvf. Then V(A) = 1, and for every uj G A, 6 G C, we have (|3.2p . Thus, 
the theorem is proved in the Rademacher case. 

3.2. Proof of Theorem 11.31 in the general case. For every M G N, consider the 
event 

Bm = \u: lim inf N F (r, b) = +00 \. 
I r-+l \b\^M > 

Given r G (i, l) , the function inf N F (r, b) is measurable in u) (note that the infimum 

here can be taken over any dense countable subset of the disk {|fe| ^ M}). Thus, the 
set Bm is measurable and so is the set B = f] M Bm, and for every u G B, b G C, we 
have (|3.2p . It remains to show that B holds almost surely. 
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To that end, we extend the probability space to f2 x f2' and introduce a sequence 
of independent Rademacher random variables |£ n (u/)}, u' G Q,', which are also inde- 
pendent from the random variables {^ n (w)}, oj € 0, and consider the random analytic 
function 

G(z) = G{z; uj, J) = & t {uj')Cn{uj)z n , (w, u'jefixfl'. 

By the previous section, for fixed £ n 's (outside a set of probability zero in 0), the event 

u/efi': lim inf iV G (r, 6) = +oo 

occurs with probability 1. Hence, by Fubini's theorem, the event Bm occurs a.s. and 
so does the event B. Note that due to the symmetry of the distribution of £ n 's, 
the random variables {^ n {uj')Q n {uj)} are equidistributed with {( n (uj)}. This yields the 
theorem in the general case of symmetric random variables. □ 

4. An example 

In this section, we will present an example that shows that the constant 6 in the 
exponent on the RHS of the inequality proven in Theorem 11.11 cannot be replaced by 
any number smaller than 2. 

Let 

g N {6) = (sin(2^)r = ( e{e) ~f~ 9) ) 2N = E a ne(2n9). 

|n|<AT 

The function g^ satisfies 

(4.1) \g N (0)\^e- cN2 for\6\^e- CN , 

provided that C is large enough. 

Now consider the Rademacher trigonometric polynomial 

In(0) = £ t n a n e(2n6) , 

\n\^N 

denote by Xn the event that £ n = +1 for all n G {— N, N} , and put En = XjyxTjv, 
where T N = [-e CN , e CN ] C T is the set from gZQ. Then 

v(E N )>2-( 2N+ V.e- CN >e- CN , 

while 



\ E, 



and 



/ |/Af| 2 d^ = / |5Ar| 2 dm. 
JnxT Jt 



It is not difficult to see that the integral on the RHS is not less than -j^, for some 
constant c > 0. Recalling that | log /jl(En)\ ^ CN, we see that for every e > 0, C > 0, 
the inequality 



/ \f N \ 2 d^e c ^ E ^ 2 " [ \f N \ 2 d» 

JO JE N 



fails when N ^ Nq(e,C). This shows that one cannot replace 6 by any number less 
than 2. □ 
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Appendix A. Proof of the approximate spectrum lemma 12.11 

The proof of Lemma 12.11 with small modifications, follows Section 3.1]. We 
start with the following observation: if g E L 2 (T,T~L) and ao(t), . . . , a n (t) are complex 
numbers, then the m-th Fourier coefficient of the function 



ak{t)9kt{x) = ^2a k (t)g(x + kt) 



k=0 k=0 



equals 



n 

£ 

k=0 



g(m) ■ y~]a k (t)e(ktm) = g(m) ■ q t (e(tm)) 



where qt(z) = a,k(t)z k . Slightly perturbing the coefficients a k (t), we may assume 
fc=o 

without loss of generality that the coefficients ao(t) and a n (t) do not vanish for < 
t < t (so that, for every t in this range, the polynomial qt is exactly of degree n and 
does not vanish at the origin) and that the arguments of the roots of qt are all distinct. 
By Parseval's theorem, 

r 1 1 , n , 2 

(A.l) n^2a k (t)g kt (x) dx = ^\\g(m)\\ 2 H \q t (e(trn))\ 2 . 

JT k=0 H m& 

If g E Exp loc (n, t,x,H), then we can choose do, . . . ,a k so that the LHS of (jA.ip will 
be small for each t £ (0, r). On the other hand, whenever the norm of g{m) is large, 
the RHS of (|A.ip can be small only when qt(e(tm)) is small. The proof of Lemma 12.11 
will be based on two facts. The first is that, on average, \qt(e(tm))\ is relatively large 
outside some exceptional set, which can be covered by at most n intervals of length 
4n(n+i)r 1 ^ ne secon d is that there exists a to such that qt (e(tm)) can be effectively 
bounded from below on this exceptional set. 

We start with a lemma on arithmetic progressions. 

Lemma A.l. Given a measurable set G C M+, put 

V G = {t e (|t,t) :3k en s.t. f e g}. 

Then m(y G ) < T 2 m(G). 

This lemma shows that if m(G) < then there are significantly many points t G 
(^r, r) such that no point k/t, k G N, belongs to G. 

Proof of Lemma \A.1\ We have 

£lo(f) >lv a (t). 
fceN 

Integrating over t G (ir, r), we get 



/* OO J /*oo 



sr/2<k<ST 
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2^2 



□ 



because £ sr/2<fe<ST k < t~s 2 . 

The following lemma shows that the Fourier coefficients g{m) are small outside n 
intervals of controlled length. Put 

8n(n + 1) 

This choice of 5 will stay fixed till the end of the proof of Lemma 12.11 
Lemma A. 2. There exist n intervals I±,...,I n of length — such that 



E \\9( m )\\n < [j) 

m€Z\ |J Ij 



Proof of Lemma \A.Si By the continuity of the shift in L 2 (T, we can assume that 
the coefficients (t) are piecewise constant functions of t, and hence measurable. 
Then, we can integrate Parseval's formula (jA.ip over the interval (0, r). Recalling 
that the LHS of (jA.ip is less than x 2 , we get 



^\\g(m)\\ 2 H p 2 {™) < x 2 , 



where 



Introduce the set 



p 2 (m) = - / \q t (e(tm))\' 2 dt . 



T 



H meZ: ' 2 M<4(^T)(lf} 



Here and elsewhere in this section, A is the positive numerical constant from the RHS 
of the Turan-type Lemma [2.3.U Then Lemma [A . 2 1 will follow from the following claim: 

(A. 2) 5 cannot contain n + 1 integers mi < . . . < m n+ i 

2(5 

such that nij + i — nij > — , Vj £ {1, . . . , n} . 

Indeed, this condition yields that the set S can be covered by at most n intervals I\, 
. . . , I n of length 25 /t and 

3 

whence 

2 / Al , ^( A \ 2n 2 „ (C\ 2n 2 



mez\ |j / 3 



with some numerical constant C. Thus, we need to prove claim (jA.2p . 

Suppose that (|A.2|) does not hold, i.e., there are n + 1 integers mi < . . . < 
with mj + i — rrij > 25 /t that belong to the set S. Then 

(A.3) f 2| %(e (^))| 2 dt< J(A) 2 ". 

Jr/2 ■ 1 
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We call the value t G (|r, r) 6ac/ if 

n+l 

El / / NN ,2 f 5\ 2n 
\qt{e{tmj))\ < 



Otherwise, the value t is called good. By (|A.3p . the measure of good i's is less than 
r/4. In the rest of the proof we will show that the measure of bad t's is also less than 
r/4, and this will lead us to a contradiction, which will prove Lemma I A. 21 

We will use the following 
Claim A.4. Let q(z) = Y2=o a k zk with Y2=o \ a k\ 2 = 1- Given A G (0,1), let 

U={seT: \q(e(s))\ < (^)"} . 
Then the set U is a union of at most n intervals of length at most A each. 

Proof of Claim \A.4\ U is an open subset of T which consists of open intervals (since 
A < 1 and A ^ 1 we have that U 7^ T ). The boundary points of these intervals satisfy 
the equation | <7(e(s) ) j 2 = (— ) ™, which can be rewritten as 

(f>fcz fe j fX^~ fc J = ' z = e{s). 

The LHS of this equation is a rational function of degree at most 2n, and therefore 
the number of solutions is at most 2n. Hence U consists of I ^ n intervals J\, . . . , J[, 
I ^ n. 

Next, note that since the sum of squares of the absolute values of the coefficients of 
q equals 1, we have max|g(e(s)| ^ 1. Then, applying Lemma 12.3.11 to the exponential 

polynomial s \-t q(e(s)), we get 

1 / A \ n 1 / A 

l<sup g(e(s)) < — — •sup g(e(s)) ^ — — 
sgt \m(Ji)J sfzj^ Vm(J, 



Hence, m{Ji) ^ A, proving the claim. □ 

Note that in the proof of this claim we did not use the full strength of Turan's 
lemma. For instance, we could have used the much simpler Remez' inequality. 

Now for t € {^ T , T ) consider the set 

S t = [m€Z: \q t (e(tm))\ < . 

By the previous claim (applied with A = 5), there are points £1, ...,£ n € R (centers of 
the intervals Jj) such that, for each m 6 St, there exist i G {1, . . . , n} and I G Z such 
that 

(A.5) \tm-l-£i\ < \ 5. 

Suppose that the value t is bad. Then the n + l integers mi, . . . , m n+ \ belong to 
the set St, and by the Dirichlet box principle, there are two of these integers, say m,/ 
and rrijn with j' < j" , that satisfy (|A.5|) with the same value i. Then for this pair 
\t{m.jn — niji) — k\ < 5, with some non-negative integer k. Thus, 

k . 6 28 

- - [my, -my) <-<—■ 
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Note that since mj" — mji > — , the integer k must be positive. We conclude that the 
set of bad values t is contained in the set Vg, where G is the union of ^n(n+l) intervals 
of length — centered at all possible differences rxiju — my with j" > f. The measure 
of the set G is • — , which, due to the choice of 5, equals j-. By Lemma |A.1| 

Tn(VG) < T 2 m(G) ^ \t. Thus, the measure of the set of bad fs is also less than \t, 
which finishes off the proof of Lemma IA.21 □ 



Proof of Lemma \2.1\ We need to find a set A = A g C K of n frequencies such that 

J2\\9(m)f H @Um)^(Cn) 4n ^, 



m€Z 

where 

@t,a("i) = T (m — A) , 6 T (m) = min(l, r|m|). 
AeA 

By Lemma IA.2[ there exists a collection of n intervals {Ij}, each of length — , such 
that 

£ \\9(m)f H @l A (m) e ^ £ \\g(rn)\? H ^{CnY n x\ 
mez\Uj Ij meZ\Uj Ij 

Therefore, it remains to estimate the sum 

£ \\9(m)\\ 2 n @ 2 T , A H. 

meljj Ij 

By Parseval's identity (jA.ip . for every t E (0, r), 

E \\9(™)\\n\qMtm))\ 2 < x 2 . 
me\Jj Ij 

Hence, it suffices to show that there exist a value to E (0, r) and a set A of n real 
numbers such that \qt ( e (to m ))\ ^ 5 n Q Tt ^{m) for every m E (J - Ij. 

First, we bound the absolute value of the polynomial qt from below by the absolute 
value of another polynomial p whose zeroes are obtained from the zeroes of qt by the 
radial projection to the unit circle. 

n 

Claim A. 6. Let Zj ^ for 1 ^ j ^ n, and let g(z) = c ■ (z — zj) be a polynomial of 

i=i 



degree n such that sup \g (z)\ 1. Let h (z) = J^J (z — Q), where Q = Zj/\zj\. Then, 
for every z E T, 



1*1=1 j=1 



\h(z)\^2 n \g(z)\ 



Proof of Claim \A.6l The ratio 
z = — Q, where it is equal to 



2-Cj 



attains its maximum on {\z\ = 1} at the point 
herefore, 



Hz) 



n 



- + \Zj\ 

J=l 
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By our assumption, there is some z' , \z'\ = 1, such that \g (z')\ ^ 1. Hence, 



1 ^ \c\ ]J\z' + Zj \ ^ |c| JJ(1 + 

i=i j=i 



Overall, we have 



1 n 1 

\h (z)K 2 n \g (z)\ ■ n • J] TTT1 < T \9 (*)l . 

proving the claim. □ 

Recall that sup |<Zt(.z)| ^ 1. Hence, applying Claim lATol we conclude that ^ 
1*1=1 

2~ n |pt(z)| for |z| = 1, where pt is a monic polynomial of degree n with all its zeroes 
on the unit circle. 

To choose to, we consider n intervals Ij of length 4<5r -1 with the same centers as 
the intervals Ij of Lemma |A.2| and put S = \Jj Ij. Let G = S — S be the difference 
set, with m(G) ^ 8<5r -1 - n 2 . We call the value t G Qr, r) 6ad if there exists an integer 
k 7^ such that k/t G G. Since the set G is symmetric with respect to 0, we can 
estimate the measure of bad tfs by applying Lemma lA. II to the set G n K+. Then the 
measure of bad values of t is less than t 2 • ^ m(G) ^ 4<5r • n 2 < ^r, since 5 ■ 8n 2 < 1. 
Therefore, there exists at least one good value to G Qr, r) for which every arithmetic 
progression with difference t^ 1 has at most one point in S. We fix this value to till the 
end of the proof. 

To simplify notation, we put p = pt . The zero set of the function x i— >■ p{e{tox)) 
consists of n arithmetic progressions with difference 4q 1 . By the choice of to, at most 
n zeroes of this function belong to the set S. We denote these zeroes by Ai, A^, 
£ ^ n. If I < n, we choose n — I zeroes A^+i, A„ in R \ S so that {e(*oA :) ')} 1<J<n is 
a complete set of zeroes of the algebraic polynomial p; we recall that these zeroes are 
all distinct. 

It remains to define a set A of n numbers, and to estimate from below \p(e{tom))\ 
when m G {Jj Ij . Denote by dj (m) the distance from the integer m to the nearest 
point in the arithmetic progression {Aj + ki^ } k z . We have 



|p(e(t m))| = 2 n JJ|sin(7rt (m- \j)\ > 2 n ~[[(2to dj{mj) > 2 n r n J[ dj (m) . 

j=i j=i j=i 

We put A = {Aj} 1<j . <n . Recall that here m G Ujlj, S = [jjlj, and that the 
arithmetic progression {Aj + kt^ } k z either misses the set S, or has at most one 
element in S. In the first case, we get dj(m) ^ St~ , while in the second case, 
dj(m) ^ min{|, \m — Xj\\- Therefore, in both cases, 

dj (m) ^ min| — , \m — Aj|| ^ — min|l,r |m — A./|} = — • 9 T (m — Xj) . 



24 FEDOR NAZAROV, ALON NISHRY, AND MIKHAIL SODIN 

Tying the ends together, we get 

n 

\q to (e(tom))\ > 2~ n \p(e(t m))\ > 2~ n ■ 2 n r n J] dj (m) 

^ n -(^ n e T , A H = re T! A( m ). 

This completes the proof of Lemma 12. U □ 
Appendix B. Proof of the lemma [2721 on the local approximation 

The proof of Lemma [2 .21 is very close to the proof of the corresponding result in 
Section 3.2]. We start with a lemma on solutions of ordinary differential equations (cf. 
Lemma 3.2 in 



n , 

D = II e(Xjx) —e(-Xjx) Ai, . . . , A n £ R, Xi / Xj for i / j , 



Lemma B.l. Let 

dx 
j'=i 

be a differential operator of order n ^ 1, and let J C [0,1] be an interval. Suppose 
that f E L 2 (tt x J) and, for a.e. oj £ Q, x h-> f(uj,x) is a C n (J) -function satisfying 
the differential equation Df = h with h E L 2 (£l x J). 

T/ien i/iere exists an exponential polynomial p with spectrum X\, . . . , X n , such that, 
for a.e. uj £ O, 

sup|/(w,x) < m(J) n — — - / \h(u),x)\dx. 

xej m{J) J j 

Proof of Lemma \B.1\ Let ip be a particular solution of the equation D99 = /i con- 
structed by repeated integration: 

n 

where J is the integral operator 



n 

(j\e{Xjx) Je(-\jxj\h 



(Jip) (oj,x) = / 7p(uj,t)dt 

J a 

and a is the left end-point of the interval J. Then, for a.e. uj, 

\ip(w,x)\ < m{J) n — |— [ \h(u,x)\6x. 
m{J) Jj 

The function f — <p satisfies the homogeneous equation D(f — (p) = 0. Hence, p = f — ip 
is an exponential polynomial with coefficients depending on u: 

n 

p{oj,x) = ^2c j (uj)e(X j x) . 

□ 

Now we turn to the proof of Lemma[2]2j We fix a function g £ Exp loc (n, r, x, L? (fl) ) . 
By Lemma |2.1[ this function has an "approximate spectrum" A = A g = {Aj} 1<J<n so 
that 

J2\\9(m)\\h {n) @ 2 TA (m)^ (Cn) 4n x 2 , 
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with 

@t,a("t.) = Y\_ ®t(™ — A) , 6 T (m) = min(l,r|m|) . 
agA 

We fix M > 1 so that 1/(Mt) is a positive integer, and partition T into intervals J of 
length Mr. 
Put 

n k—1 

fe=i i=i 

The sets E^, ^ fc n, form a partition of the real line. Accordingly, we decompose 

n 

g into the sum g = ^^^fc, where g k is the projection of g onto the closed subspace of 

fc=0 

L 2 (Q) that consists of functions with spectrum contained in E k . For each k = 0, . . . , n, 
we have 

(B.l) £ ||£(m)||i 2(n) 9* A (m) < (Cn) 4 «x 2 d ^ f x 2 . 

Since, for m E Eq, 6 2 A (m) = 1, we get ||9o||l 2 (q) ^ 

Now let 1 ^ k ^ n. Let n k denote the number of points Xj lying in I k . We define a 
differential operator D k of order n/% by 

D k d = e(A 3 -a;)^ e(-Ayx). 
The function gk{x) is a trigonometric polynomial with coefficients depending on u, 

dcf 

hence, for a.e. u, it is an infinitely differentiable function of x. We set h k = D k g k . 
Note that this is a trigonometric polynomial with the same frequencies as g k : 

h k (u,m) = (2iri) nh g k (ijj,m) _ ^ (m-Xj). 

Consequently, 

\h k (u,m)\ = (27r)" fc \g k (u,m)\ \m - Xj\ . 

A 3 e7 fe 

In the product on the RHS, m € E k C I k and Xj E Recalling the definition of the 
function r , we see that 

\m — Xj\ $S - # r (m — Aj) for m G Aj G . 

Therefore, 

\h k (u),m)\ ^ ^ — J |<7fc(u;,m)| JJ 9 T (m - Xj) . 
Note that for m € E k and for A,- € Z\4, we have # r (m — Aj) = 1. Thus, 

^ / 67T \ n fc 

|/i fc (w,m)| < J \g k (u,m)\@ T) A(m) , well, 
whence, recalling estimate (jB.ip . we obtain 



.., /67T\™fe 
IIMl 2 (Q) < v — ) 



2(i 
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Applying Lemma IB. II to an interval J of length Mr, we obtain an exponential 
polynomial p^ with spectrum consisting of frequencies Xj £ I k and with coefficients 
depending on cj, such that, for every x € J and almost every uj G Vt, 

1 



5jfe(w,x) -p fc (w,x) < (Mr) 



Mr 



|/i fc (u;,t)| dt. 



We denote by 



371/ (cj, x) = sup 



1 



L: x£L m(L) J L 

the Hardy-Littlewood maximal function. The supremum is taken over all intervals 
L C [0, 1] containing x, but it is easy to see that it is enough to restrict ourselves to the 
intervals with rational endpoints, which allows us to rewrite 371/ as sup{F a ^: a, (3 S 
Q}, where 

1 fP 

F a ,p(u,x) = l[ ai p](x)G at p(uj) and G a> p(u) = _ / \f(t,u)\dt. 

By the Fubini theorem, G a< p are measurable functions on 0, so F a> p are measurable 
functions on Q and, thereby, 37t is measurable on Q as well. 
Let h k = T nk h k . Then 



M>1 



|sk(w,x) (w,x) | < M nk -Wlh k (uj, x) < M re -37T/ife(u;,x). 
Using the classical estimate for the L 2 -norm of the maximal function, we get, for a.e. 



/ 



37T/ife(w, x) 



dx < C 



h k {io,x) 



dx . 



Recalling that ||/ifc||,L 2 (Q) < C nfc x, we obtain 



|37t/lfc|lr2 



2 

i 2 (Q) 
dcf 



37t/i fc (o;,x) dxdP(w) «S C ||/i fc ||^ 2(Q) < C 2nfc x 2 . 



We now set p" 7 = p k . Notice that all the frequencies of the polynomial p J belong 
k=l 

to the set A g . Then, for every x G J, 

|p(u;,x) -p J (w,x)| < I c/o (w,x)| + ^ \g k (u,x) -p{ (u,x)\ 

k=l 

n 

< | 5o (o;,x)|+M n ^37T^(a;,0) 



fe=i 



n 

< M n (| 5o (^,2;)| + j^£D^ fc (w,x)) d =M n $(w,x). 



fc=i 



It remains to bound the norm of the "error function" <I>: 



II^IL^q) < !M| L2(Q) + 21 1 9,1/1 

fe=l 

This proves the desired result. 



^ x + ^C nk x^C n x^ {Cn) 2n x. 



k=l 



□ 
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Appendix C. Proof of the spreading lemma 

Till the end of this section, we fix the function g G Exp loc (n, r, xr, L 2 (f2)), the set 
E C Q of positive measure, and the "random constant" b G L 2 (il). 

We will use two parameters, M > 1, -A- G N and 7 G (0, 1); their specific values 
will be chosen later in the proof. 

Definition: Let J be an interval of length Mr in the partition of T. The interval J 
is called uj-white if m( J n Ej) ^ 'ym(J); otherwise it is called u-black. 

Given u, the union of all w-white intervals will be denoted by W w . By W C Q we 
denote the union of all sets W^. Similarly, we denote by B u the union of all w-black 
intervals and by B C Q the union of all sets B^. Since we can write the set W as 

(J{w: m(Jn£ u ) > irn(J)} x J 
J 

and the function u) 1— >• m( J n -E^) is measurable on for every interval J in the 
partition, we see that W and B = Q \ W are measurable subsets of Q. 

Let $ be the error function given by the Local Approximation Lemma. The next 
lemma enables us to extend our estimates for g — b from the set E to the set W. 

Lemma C.l. We have 

[ \g - b\ 2 d/x < (°\ 2n+1 \ [ Ig-bfd^ + M 2 ^ 1 I <& 2 d M 
Jw \7/ UwnE Jw 

Proof of Lemma \C.l\ Let J be one of the w-white intervals of length Mr. By Lemma 
12.21 for almost every u G f2 and every 9 £ J, we have 

= \g ( W> 0) - p J (w, 0)| ^ M n $( w , 0), 

where is a exponential polynomial with n frequencies and coefficients depending on 
oj. Therefore, 



(C.l) 



I \g - b\ 2 d9 < 2 f / |p J - &| 2 d# + M 2ri / $ 2 d# 
Jj \Jj J j 



Applying the L 2 -version of the Turan-type lemma to the exponential polynomial p J — b, 
which has at most n + 1 frequencies, we get 

\ P J -b\ 2 de^( C r (J }T +1 f \p J -b\ 2 ae 



m(JnE w )J J JnE( 

- n \ 2n+l 

<f-l I \ P J -bfde. 



. 7 / J JnE^ 
Plugging this into (jC.lj) . we find that 

f \g - b\ 2 d9 sC (-) + [ \p J -b\ 2 d6 + 2M 2n /Vdfl. 
Jj \ 7 J JjnE u Jj 

Summing these estimates over all w-white intervals J, and using that 
\p J -b\^\g-b\ + \g- PJ \ < \g - b\ + M n $ , 

we get 



\g-b\ 2 d6 < (-\ [ \g - b\ 2 d9 + M 2n j § 2 d6 

'Wu, \7/ UWu,nEu JWu, 



28 



FEDOR NAZAROV, ALON NISHRY, AND MIKHAIL SODIN 



n 

7+ M 



Integrating over u, we get the result. □ 

The effectiveness of this lemma depends on the size of the set WDE C . The following 
lemma is very similar to Lemma 3.4 from [IT]. For the reader's convenience, we 
reproduce its proof. Recall that A nT (E) = fJ,((E + tit) \ E). 

Lemma C.2. For 7 < \, 

fi(W n E c ) ^ A nT (E) 

Proof of Lemma \C.£k We have 

m{{E u -\-nr)\E u ) = m((E u + tit) n E%) 

= m((E u + tit) n El n W u ) + m((E u + tit) n n B u ) 

< m{w u nE°) +m((E u + nT)r\E c ui r\B u) ). 

We need to estimate the second term on the RHS. 
If the interval J is w-black, then 

m(JnE°n(E w +nT)) < m(Jn(E u +riT)) < m( J\( J+nr)) +m((E u] +nT)n{ J+rar)) 



^ nr + m(E w fl J) < ?ir + 7m (J) 



TIT 

m(J) 



+ 7^?n(J) . 



< h 7 • 

M 



Summing this inequality over all w-black intervals J, and recalling that m( J) = Mr, 
we obtain 

(TIT" \ 
— + 7) • m(5 u 

Integrating over f2 we get the required result. □ 
Proof of Lemma [Ol We write A = A nT (E) and put 

~A' 

We consider two cases, according to whether M\t ^ 1 or not. 

In the first case, we choose M G [Mi,2Mi], so that \/{Mt) is an integer. Notice 
that M > 1. We set 7 = §A < \ and let E = E U (IT n E c ) = E U IT, where IT is 
the union of the corresponding white intervals. By Lemma IC.21 



n(WnE c )>A-( 1+ — ) ^A-(-T-) >- 



A A 



A 



Furthermore, using Lemma lC.ll we get 

2n+l 



f \g-b\ 2 dfi < (—\ [ \g - b\ 2 dfi + M 2n [ $ 2 d/i 

Plugging in the values of the parameters 7 and M and taking into account the bound 
on the norm of we find that the RHS is 



2n+l 



\ 2n+l r . 

J j E \g-b\ 2 dfi+ x s 



d^ + 



WOE 



Crc 
"A2 



2/i 



$ 2 d/x 
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Now we consider the second case, when M\t > 1. We set M = - (that is, there is 
only one interval in the 'partition') and note that 

M = - < Mi = — . 
r A 

We set 7 = 4' and once a S ain E = E L) (W n E c ) = E UW. Similarly to the first 
case, Lemma IC . II gives us 

/^-«'*.<(^f H [/,b->rW 

We now show that there are sufficiently many w-white intervals that contain a no- 
ticeable portion of E c . We define the function 5{u) = m {{E w + nr) \ E w ) and notice 
that 

f 5(u)dV(u}) = A. 
Jn 

Let L = G $7: <5(o;) > ^A}. It is clear that 

For u) G L we have that m(E^) , m{E ul ) ^ 5(o;) > ^ = 7> an d therefore LxTc W. 
Thus (LxT)nfi c C^nF and 

m(W n £ c ) ^ m((L x T) n E c ) = I m{E c w ) dV(oj) > [ 6(w) dV(cj) > — , 

JL JL 2 

proving the lemma. □ 
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